We propose a three-mode optomechanical system to realize optical nonreciprocal transmission with unidirectional amplification, where the system consists of two coupled cavities and one mechanical resonator which interacts with only one of the cavities. Additionally, the optical gain is introduced into the optomechanical cavity. It is found that for a strong optical input, the optical transmission coefficient can be greatly amplified in a particular direction and suppressed in the opposite direction. The expressions of the optimal transmission coefficient and the corresponding isolation ratio are given analytically. Our results pave a way to design high-quality nonreciprocal devices based on optomechanical systems.
I. INTRODUCTION
The study of optomechanical systems [1] based on the parametric coupling between the photonic and phononic fields, excites a wide range of interests. Many interesting properties of the optomechanical systems, such as optomechanically induced transparency (OMIT) [2] [3] [4] , quantum entanglement [5, 6] , Bell-nonlocality [7] , and imaging structure of tumors [8] , have been reported. These properties indicate that the optomechanical system is a key quantum coherent device for precise measurement and quantum information processing.
In a network based on electrical or optical elements, one of the key coherent devices is the nonreciprocal one, such as isolator or circulator, where the signals have significantly different transmission behaviors in two opposite directions due to the breaking of time-reversal symmetry. Traditionally, the approach to break the timereversal symmetry is utilizing the magneto-optical effect [9] , which usually makes the system bulky and unrobust to the external magnetic field. Recently, several magnetic-free mechanisms have been proposed to implement nonreciprocal devices, such as spatio-temporal asymmetry of refractive-index [10, 11] , angular momentum biasing in photonic or acoustic systems [12] [13] [14] [15] .
As an all-optical and magnetic-free platform, the optomechanical system has also been suggested to implement the optical nonreciprocal devices. Up to now, there exist at least two kinds of optical nonreciprocity based on optomechanical systems. For the first kind, the transmitted signal is the weak light field, and its transmis- * qz@gznu.edu.cn † liyong@csrc.ac.cn sion behavior is assisted by another strong control field which enhances significantly the effective optomechanical coupling. This kind of nonreciprocity has been achieved in physical systems displayed OMIT [16] [17] [18] , frequency conversion between optical and microwave fields [19, 20] , and quantum-limited amplification [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . And the second kind of optical nonreciprocity is based on the nonlinear interaction in the system, suggested in Ref. [31] .
Here the input field (that is, the transmitted signal) is usually very strong, and it is not necessary to introduce the additional strong control field. A variety of nonlinear interactions, induced by coupling the cavity fields to a qubit [32] , atomic ensemble [33, 34] , mechanical resonators [35] [36] [37] , or nonlinear optical medium [38] , have been used to investigate this kind of optical nonreciprocity.
We would like to note that a nonreciprocal device of optical diode based on the nonlinear interaction has recently been proposed [37] in a three-mode system, which is composed by a standard optomechanical system plus another cavity coupled with the optomechanical cavity (shown in Fig. 1 ). In this work, we will further investigate the optical nonreciprocal phenomenon in the similar three-mode optomechanical system with introducing an additional optical gain for the optomechanical cavity.
For the case without optical gain [37] , the value of the transmission coefficient is usually smaller than 1 and the optical diode was achieved. With the aid of the optical gain in the three-mode optomechanical system, we find in this work that the value of the transmission coefficient in one direction can be much larger than 1, while in the opposite direction it can be much smaller than 1. Thus, the optical unidirectional amplification can be achieved with good isolation rate due to the presence of the additional optical gain. And the analytical expression of the opti- The whisperinggallery cavity 1 is coupled to the mechanical mode induced by radial radiation-pressure onto the cavity boundary [39] , and the additional optical gain G is introduced for cavity 1 [38, 40] . The second whispering-gallery cavity 2 is coupled to the cavity 1 via optical hopping interaction. The input field is injected either from the cavity 1 or the cavity 2.
mal transmission coefficient in the amplifying direction is obtained, which is only determined by the product of two factors, with the first (second) term representing the proportion of the external decay rate into the effective (total) decay of the cavity.
II. MODEL AND STEADY-STATE SOLUTION
For concreteness, the optomechanical system under consideration is schematically shown in Fig. 1 , which consists of two coupled whispering-gallery cavities and one mechanical resonator induced by radial radiationpressure onto the cavity boundary [39] of one of the cavitis (cavity 1). In addition, the optical gain is introduced for cavity 1, which can be achieved by doped Er 3+ ions in silica with pumping the Er 3+ ions by a laser [38, 40] . The Hamiltonian of such an optomechanical system can be written as ( = 1)
where a 1 and a 2 are the annihilation operators of the optical fields in two cavities (with the frequencies of ω 1 and ω 2 ); p and q are the momentum and displacement operators of the mechanical resonator (with the resonance frequency of ω m ), respectively. κ j,e (j = 1, 2) is the external decay rate of cavity j. In Eq. (1), the fourth term denotes the coupling between two cavities with strength J, and the fifth term represents the radiation-pressure optomechanical coupling with the single-photon optomechanical coupling g. The last two terms stand for the coupling between the classical input fields (with the amplitude α j,in and the frequency of ω d ) and the cavity fields.
According to Hamiltonian (1), the quantum Langevin equations (QLEs) are obtained in the rotating frame of the driving frequency ω d aṡ
where
is the detuning of cavity j from the input field, respectively. κ j = κ j,o + κ j,e is the total decay rate of cavity j, where κ j,o is the intrinsic decay rate. κ eff = κ 1 − G is the effective decay rate of cavity 1, where G is the gain rate induced by the doped Er 3+ ions with optical pumping. γ m is the decay rate of the mechanical resonator, a j,vac , a 1,gain , and ζ are the noise operators with zero mean values.
Assuming the input signal field(s) to be strong enough, the operators can be replaced by their average values with the mean-field approximation α j = a j ,p = p , and q = q . From Eqs. (2a-2d), one can obtain the following steady-state equations
To study the optical nonreciprocal transmission, we will focus on two cases. In the first case, the input field is only injected into cavity 1 with amplitudes |α 1,in | = p in /( ω d ) and α 2,in = 0, where p in is the power of the input field. With the input-output relation [41] 
the equation of the output field α 2,out can be given as
In the second case, the input field is only injected into cavity 2 with the amplitude |α 2,in | = p in /( ω d ) and α 1,in = 0, wherep in is the power of input field. Here we have added tildes "˜" for α j,in , α j,out , and p in in order to distinguish them from that in the first case.
Similarly, the equation of the output fieldα 1,out is obtained as
To describe the transmission properties quantitatively, we define the following transmission coefficients
respectively, for the two cases with opposite transmission directions. By making use of Eqs. (5) and (7), the transmission coefficients are determined by
. The optical nonreciprocity requires T =T when the input fields have the same powers in the two cases, i.e. p in =p in and s in =s in . Thus it is clear from Eqs. (10a) and (10b) that the necessary condition to observe the optical nonreciprocity is U =Ũ , which can be explicitly written as
We would like to note that the similar condition of optical nonreciprocity has also been reported in Ref. [37] in a similar three-mode opotomechanical system without the optical gain.
III. UNIDIRECTIONAL AMPLIFICATION
In this section we will study the transmission behavior in the three-mode optomechanical system under consideration. It is found that the optical signal field can be unidirectionally amplified with the additional optical gain. And the expressions of the optimal transmission coefficient and the isolation ratio are given analytically.
A. Stability condition
Since both the optical gain and the nonlinear interaction are introduced in our system, the first step is to ensure the stability of the system in steady state. By splitting each operator into its mean value and fluctuation: a j = α j + δa j , q =q + δq, p =p + δp, the linearized QLEs corresponding to Eqs. (2a)-(2d) can be written in a matrix form asμ
T , and the coefficient matrix
The stability condition can be derived by using the Routh-Hurwitz criterion [42] , which requires all the real parts of eigenvalues of the matrix M to be positive. The explicit forms of such a criterion in the current model are cumbersome and not given here. However, in the following discussions all the stability conditions have been checked numerically.
B. Optical amplification induced by optical gain
For the nonreciprocal device based on the nonlinearity in the three-mode optomechanical system [37] , the optical diode is achieved and the value of the maximum transmission coefficients is usually smaller than one. This subsection will show the optical unidirectional amplification assisted by the optical gain. That is, the transmission coefficient along one of the two directions is larger than one, and the one in the opposite direction is much smaller than one.
In Fig. 2 , the transmission coefficients T andT are plotted as a function of the input power p in . It is apparent that in Fig. 2 the optical unidirectional amplification appears in two regions where T > 1 >T (i.e. p in ∈ [p in,l , p in,u ]) andT > 1 > T , respectively. However, the isolation ratio in the first region is better than that in the second region. Then in what follows, we just focus on the first region with p in ∈ [p in,l , p in,u ], where we only consider the upper branch of T .
As shown in Fig. 2(a) , when the system works in the upper branch of T with p in ∈ [p in,l , p in,u ], it has obvious optical nonreciprocity with the tremendous difference between the values of (upper-branch) T andT . Here, p in,l = 2.03 µW and p in,u = 0.68 mW corresponding to T = T max,num and T = 1, respectively, are the lower and upper bounds of input field power.
To quantify optical nonreciprocity, the isolation ratio is introduced as E (dB) = 10 × log 10 (T /T ). Accordingly, with p in ∈ [p in,l , p in,u ] in Fig. 2(a) , it is found numerically that |E (dB) | ∈ [26.99, 52.04]. Moreover, in Fig. 2(a) the value of T is larger than 1 while that ofT is much smaller than 1 in the working region. It clearly displays that the signal is amplified when the input field is injected from cavity 1. With the aid of the optical gain, Fig. 2(b) and Fig. 2 (c) also show the similar unidirectional amplification as that in Fig. 2(a) . Note that in Fig. 2 , the parameters satisfy the nonreciprocity condition Eq. (11) .
The effect of the external decay rate κ 1,e on the transmission behavior is also investigated in Fig. 3 . This figure shows that with the increase of κ 1,e , all the values of the transmission coefficients are collectively lifted upward. This means with the increase of the external decay in cavity 1, both the transmission coefficients in the two directions can be increased with the unidirectional amplification remained.
C. Optimal transmission coefficient and the corresponding isolation ratio
In Sec. III B, it is found that with p in ∈ [p in,l , p in,u ], our optomechanical system displays the optical nonreciprocal transmission of unidirectional amplification. This inspires us to ask the following question: What are the optimal maximum transmission coefficient and the corresponding isolation ratio in our system? We will study such a question in details in this section.
Eq. (10a) is a cubic equation for the transmission coefficient T . However, the analytical solution of T has somewhat complex dependence on the system parameters and makes it less informative. This difficulty can be circumvented by solving s in in Eq. (10a). The solution to s in in Eq. (10a) is formally given as
Because s in must be positive, under the condition ∆ > 0, the valid region of T with T λ − T 2 κ 2 ≥ 0 should be
where the possible maximum transmission coefficient
With the optical amplification requirement T max,theor > 1, the condition for κ eff is determined as
. (17) The numerical counterpart T max,num of the maximum transmission coefficient T max can be easily obtained by the numerical solutions to Eq. (10a), such as that in Fig. 2 . For the parameters considered in Figs. 2-4 , it is checked that the relation T max,num = T max,theor is always valid in the working region. As an example, in Fig. 4 all the blue circles representing the point (T max,num , T max,theor ) collapse into the line with equation T max,num = T max,theor . This suggests that the expression given in Eq. (16) is a good approximate result for T max for the parameters considered in Figs. 2-4 . From now on, for simplicity we set T max = T max,theor .
Then, T max can be further optimized with respect to the coupling strength J between the two cavities. Solving ∂T max /∂J = 0 under the condition κ eff > 0, the optimal coupling strength is given as
Substituting Eq. (18) into Eq. (16), the optimized value of T max is obtained as
There are two terms in Eq. (19) , in which the first (second) term represents the proportion of the external decay rate into the effective (total) decay of the cavity. This indicates that T opt max is determined only by the intrinsic parameters of the system. As a result, T opt max should remain as a constant, when the other parameters (e.g., the detunings) are changed. This invariance of T opt max is displayed in Fig. 5 : although the detuning ∆ 1 and ∆ 2 change, T opt max is unaltered. Finally, the isolation ratio E 0 corresponding to T opt max is derived. According to Eqs. (10a,10b,18 ), the absolute value of isolation ratio is given as
where we have used the fact that T opt max ≫ 1 and the corresponding value ofT at p in = p in,l is much less than 1. 
That means one can obtain good isolation ratio by modifying the optical gain so that the effective decay rate κ eff of cavity 1 is very small compared with κ 2 and ∆ 1,2 .
IV. CONCLUSIONS
In summary, it is found that assisted by the optical gain, the nonreciprocal transmission with unidirectional amplification can be realized for a strong optical input signal in our three-mode optomechanical system. The origin of the optical amplification comes from the optical gain. An interesting property of our system is that it simultaneously has high isolation ratio and high transmission coefficient in a particular direction. Furthermore, the expressions for the optimal transmission coefficient in the amplified direction and the corresponding isolation ratio are analytically obtained. However, there is a fact that should be stressed: the unidirectional amplification in our system is sensitive to the power of input signal field, and overcoming this issue is a new question and needs a future study.
